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In this paper, we consider the asymptotic behavior of solutions for the Cauchy
problem for p-system with relaxation
vt−ux=0,
ut+p(v)x=
1
e
(f(v)−u),
(E)
with initial data
(v, u)(x, 0)=(v0(x), u0(x))Q (v± , u± ), v± > 0, as xQ ±.. (I)
We are interested to show the solutions of (E), (I) tend also to the equilibrium rare-
faction waves and the traveling waves even if the limits (v± , u± ) of the initial data
at x=±. do not satisfy the equilibrium equation; i.e., u± ] f(v± ). When the
limits of the initial data at infinity satisfy equilibrium states, Liu [9] studied the
stability of rarefaction waves and traveling waves for the general 2×2 hyperbolic
conservation laws with relaxation. © 2002 Elsevier Science (USA)
Key Words: relaxation; asymptotic behavior; stability; equilibrium state; sub-
characteristic condition; energy method.
1. INTRODUCTION
The relaxation phenomenon arises in several areas of physics, such as gas
dynamics, elastic dynamics, multiphase flow, and phase transition. The
nonlinear system with relaxation was studied by Liu [9] in the following
form
“tu+“xf(u, v)=0,
“tv+“x g(u, v)=h(u, v),
(1.1)
with initial data
(u, v)(x, 0)=(u0(x), v0(x))Q (u± , v± ), as xQ ±.. (1.2)
When the limits (u± , v± ) of the initial data at x=±. satisfy the equilib-
rium equation h(u± , v± )=0, Liu [9] proved nonlinear stability for rare-
faction waves and traveling waves. Since then, the stability of traveling
waves with decay rates for the Cauchy problem has been studied by many
authors; cf. [14, 20]. The problem on the convergence to the diffusion
waves was also given by Chern [3]. For other results on the relaxation
refer to Chen and Liu [2], Chen et al. [1], and Marcati and Rubino [10].
Recently, the stability of traveling wave solutions to a special model with
relaxation introduced by Jin and Xin [6] was studied in [8]
ut+vx=0,
vt+aux=
1
e
(f(u)−v),
(1.3)
with initial data
(u, v)(x, 0)=(u0(x), v0(x))Q (u± , v± ), as xQ ±., (1.4)
where u± , v± satisfy the equilibrium equation v±=f(u± ), e > 0 is relax-
ation time, and a is a positive constant which satisfies the subcharacteristic
condition formulated in Liu [9]
−`a < fŒ(u) <`a . (1.5)
The convergence rates of the problems (1.3)–(1.5) were also obtained
in [14].
In summary, for a system of hyperbolic conservation laws with relaxa-
tion, it was required that the limits of the initial data at x=±. satisfy the
equilibrium states in the previous work to show the stability of the rarefac-
tion waves and traveling waves. In this paper, we will study the asymptotic
behavior of solutions for a system of hyperbolic conservation laws with
relaxation when the limits of the initial data at x=±. do not satisfy
equilibrium equation. For definiteness, we consider the Cauchy problem
for the p-system with relaxation
vt−ux=0,
ut+p(v)x=
1
e
(f(v)−u),
(1.6)
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and with initial data
(v, u)(x, 0)=(v0(x), u0(x))Q (v± , u± ), v± > 0, as xQ ±.. (1.7)
Here p(v) is a smooth function of v with pŒ(v) < 0 for v > 0, e > 0 is a
relaxation time. Without loss of generality we assume e=1, the smooth
function f(v) satisfies the following subcharacteristic condition
(SC) −`−pŒ(v) < fŒ(v) <`−pŒ(v).
We are going to prove the solution (v(x, t), u(x, t)) of (1.6), (1.7) exists and
tends to the equilibrium rarefaction wave (f, f(f)) defined in (2.3) and the
traveling wave (v¯, u¯) defined in (3.4) and (3.5) when the limits (v± , u± ) of
the initial data at x=±. do not satisfy the equilibrium equation;
i.e., u± ] f(v± ). In fact we can show that when fœ(v) < 0, v+ > v− , the
solution (v(x, t), u(x, t)) of (1.6), (1.7) behaves time-asymptotically to the
equilibrium rarefaction wave (f, f(f)) and when fœ(v) [ 0, v+ < v− , it
tends time-asymptotically to the traveling wave (v¯, u¯).
It is easy to see, cf. (2.4), (3.14),
(v−f, u−f(f))Q (0, (u± −f(v± )) e−t), as xQ ±.
and
(v− v¯, u− u¯)Q (0, (u± −f(v± )) e−t), as xQ ±..
Hence, when u± ] f(v± ), the energy method used to get L2-estimates of
the solutions in [8, 9, 13] cannot be applied directly. To overcome this
difficulty, as in [4, 15], we introduce a pair of correction functions
(vˆ(x, t), uˆ(x, t)) defined in (2.5) such that
(v−f−vˆ, u−f(f)− uˆ)Q (0, 0), as xQ ±. (1.8)
and
(v− v¯− vˆ, u− u¯− uˆ)Q (0, 0), as xQ ±.. (1.9)
With this, we can apply the energy method to get L2-estimates of the
solutions and prove the solution (v(x, t), u(x, t)) of (1.6), (1.7) exists and
tends to the equilibrium rarefaction wave and the traveling wave.
Notations. Hereafter, we denote several generic positive constants
depending on a, b, ... by Ca, b, ... or only by C without any confusion.
Lp=Lp(R) (1 [ p [.) denotes usual Lebesgue space with the norm
||f||Lp=1F
R
|f(x)|p dx2 1p, 1 [ p <.,
|f|.=sup
R
|f(x)|,
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and the integral region R will be omitted without any confusion. H l(l \ 0)
denotes the usual lth-order Sobolev space with the norm
||f||l=1 Cl
j=0
||“ jxf||22 12,
where || · ||=|| · ||0=|| · ||L2. For simplicity, ||f( · , t)||Lp and ||f( · , t)||l are
denoted by ||f(t)||Lp and ||f(t)||l, respectively.
2. ASYMPTOTIC BEHAVIOR OF RAREFACTION WAVES
2.1. Smooth Approximate Solution of the Riemann Problem
We consider the Riemann problem for Burger’s equation
wRt +w
RwRx=0,
wR(x, 0)=wR0 (x)=3w− , x < 0,w+, x > 0,
(2.1)
where w±=−fŒ(v± )+fŒ(0) with w− < w+. For difiniteness, we assume
fœ(v) < 0 and v− < v+.
It is well known that the Riemann problem (2.1) has central rarefaction
wave wR(x, t)=wR(x/t), where
wR 1x
t
2=˛w− , x [ w− t,x
t
, w− t < x < w+t,
w+, x \ w+t.
As in [13], the smooth approximate solution of the Riemann solution
wR(x/t) is constructed as follows,
Wt+WWx=0,
W(x, 0)=W0(x)=
1
2(w++w−)+
1
2 w˜ tanh(ex),
(2.2)
where w˜=12(w+−w−) > 0, e > 0 is a small constant to be determined later.
As in [13], we have
Lemma 2.1. The problem (2.2) has a unique global smooth solution
W(x, t) satisfying the following:
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(i) w− <W(x, t) < w+, Wx(x, t) > 0, |Wt|[CWx, |Wxt |[C(W2x+|Wxx |),
for (x, t) ¥ R×R+;
(ii) For any p (1 [ p [.), there exists a positive constants Cp such
that
||Wx(t)||
p
Lp [ Cp min(epw˜p, ew˜t−p+1),
||Wxx(t)||
p
Lp [ Cp min(e2pw˜p, ep−1t−p),
||Wxxx(t)||
p
Lp [ Cp min(e3p−1w˜p, e2p−1t−p),
||Wxxxx(t)||
p
Lp [ Cp min(e4p−1w˜p, e3p−1t−p);
(iii) |“ lt“kxW|. [ C |w+−w− | l+k+1, l, k \ 0, l+k [ 4;
(iv) limtQ. supR |W(x, t)−wR(x/t)|=0.
For completeness, the proof will be found in the Appendix.
Corollary 2.2. If e=w˜ in (2.2), then the solution W(x, t) obtained in
Lemma 2.1 satisfies
(i) w− <W(x, t) < w+, Wx(x, t) > 0, |Wt|[CWx, |Wxt |[C(W2x+|Wxx |),
for (x, t) ¥ R×R+;
(ii) > t0 ||Wx(y)||pLp dy [ C |w+−w− | 2 for p > 2, > t0 ||“kxW(y)||pLp dy [
C |w+−w− |p−1 for p > 1, k=2, 3, 4,
(iii) |“ lt“kxW|. [ C |w+−w− | l+k+1, l, k \ 0, l+k [ 4;
(iv) limtQ. supR |W(x, t)−wR(x/t)|=0.
Let f(x, t)=(−fŒ)−1 (W(x, t)−fŒ(0)). Then |f(x, t)| [ C |W(x, t)| and f
satisfies
ft−f(f)x=0,
f(x, 0)=f0(x)=(−fŒ)−1 (W0(x)−fŒ(0))Q v± , as xQ ±..
(2.3)
From Lemma 2.1 and Corollary 2.2, we have the following result.
Corollary 2.3. The problem (2.3) has a unique global smooth solution
f(x, t) satisfying the following:
(i) 0 < v− < f(x, t) < v+, fx(x, t) > 0, |ft | [ Cfx, |fxt | [ C(f2x+|fxx |),
for (x, t) ¥ R×R+;
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(ii) For any p (1 [ p [.), there exists a positive constant Cp such
that
||fx(t)||
p
Lp [ Cp min(epv˜p, ev˜t−p+1),
||fxx(t)||
p
Lp [ Cp min(e2pv˜p, ep−1t−p),
||fxxx(t)||
p
Lp [ Cp min(e3p−1v˜p, e2p−1t−p),
||fxxxx(t)||
p
Lp [ Cp min(e4p−1v˜p, e3p−1t−p),
where v˜=v+−v− > 0;
(iii) |“ lt“kxf|. [ C |v+−v− | l+k+1, l, k \ 0, l+k [ 4;
(iv) limtQ. supR |f(x, t)−fR(x/t)|=0,
where
fR 1x
t
2=˛v− , x [ −fŒ(v−) t,(−fŒ)−1 1x
t
2 , −fŒ(v−) t < x < −fŒ(v+) t,
v+, x \ −fŒ(v+) t.
Corollary 2.4. If e=w˜ in (2.2), then the solution f(x, t) obtained in
Corollary 2.3 satisfies
(i) 0 < v− < f(x, t) < v+, fx(x, t) > 0, |ft | [ Cfx, |fxt | [ C(f2x+|fxx |),
for (x, t) ¥ R×R+;
(ii) > t0 ||fx(y)||pLp dy [ C |v+−v− |2 for p > 2, > t0 ||fx(y)|| 43 dy [ C |v+−
v− |
4
3, > t0 ||“kxf(y)||pLp dy [ C |v+−v− |p−1 for p > 1, k=2, 3, 4, > t0 ||“2xf(y)||
4
3
L1 dy
[ C;
(iii) |“ lt“kxf|. [ C |v+−v− | l+k+1, l, k \ 0, l+k [ 4;
(iv) limtQ. supR |f(x, t)−fR(x/t)|=0.
2.2. Reformulation of the Problem
As in [4, 15], the second equation in (1.6) with e=1 and (1.7) imply that
u(x, t)Q a± e−t+f(v± ), as xQ ±., (2.4)
where a±=u± −f(v± ).
Hence, we introduce the following functions
vˆ(x, t)=−(a+−a−) e−tm0(x),
uˆ(x, t)=e−t 1a−+(a+−a−) Fx
−.
m0(y) dy2 , (2.5)
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where m0(x) is a smooth function with compact support satisfying
F.
−.
m0(x) dx=1.
For convenience, we list the following results which will be used later.
Proposition 2.5. The function vˆ(x, t) satisfies the following:
|“ lt“kx vˆ|. [ C |a+−a− |, l, k=0, 1, ...;
F t
0
||“ lt“kx vˆ(y)||pLp dy [ C |a+−a− |p, for p \ 1, l, k=0, 1, ... .
Let
w(x, t)=v(x, t)−f(x, t)− vˆ(x, t),
z(x, t)=u(x, t)−k(x, t)− uˆ(x, t),
(2.6)
where k(x, t)=f(f(x, t)). Then w, z satisfy
wt−zx=0,
zt+(p(w+f+vˆ)−p(f))x=f(w+f+vˆ)−f(f)−z−(fŒ2(f)+pŒ(f)) fx
(2.7)
and
w(x, 0)=w0(x)=v0(x)−f0(x)− vˆ(x, 0)Q 0, as xQ ±.,
z(x, 0)=z0(x)=u0(x)−f(f0(x))− uˆ(x, 0)Q 0, as xQ ±..
(2.8)
We seek the solution of (2.7), (2.8) in the set of functions X(0,.) where,
0 < t [ T,
X(0, T)={(w, z): w ¥ C1([0, T); H2), z ¥ C1([0, T); H2)}.
Now we state the following theorem on stability of the rarefaction waves.
Theorem 2.6 (Stability of Rarefaction Waves). Let fœ(v) < 0, v+ > v− .
Furthermore, suppose that both d=|v+−v− |+|a+−a− | and d0=||w0 ||
2
2+
||z0 ||
2
2 are sufficiently small. Then there exists a unique global solution
(w(x, t), z(x, t)) ¥X(0, T) of (2.7), (2.8) satisfying
||w(t)||22+||z(t)||
2
2+F
t
0
(||wx(y)||
2
1+||zx(y)||
2
1) dy
+F t
0
F fx(x, y) w2(x, y) dx dy [ C(`d+d0), (2.9)
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and moreover
sup
x ¥ R
(|(w, z)(x, t)|+|(wx, zx)(x, t)|)Q 0, as tQ.. (2.10)
That is, there exists a unique global solution (v(x, t), u(x, t)) of (1.6), (1.7)
with e=1 which satisfies
(v−f−vˆ, u−k−uˆ) ¥X(0, T),
and moreover
sup
x ¥ R
(|(v, u)−(f, k)(x, t)|+|(vx, ux)−(fx, kx)(x, t)|)Q 0, as tQ..
2.3. Proof of Theorem 2.6
To prove Theorem 2.6, we devote ourselves to the estimates of the
solution (w(x, t), z(x, t)) of (2.7), (2.8) under the a priori estimate
N(T)= sup
0 < t < T
3 C2
k=0
||“kxw(t)||2+C
2
k=0
||“kxz(t)||24 [ d21, (2.11)
where 0 < d1 ° 1.
By Sobolev inequality and Eq. (2.7), we have
|(w, wt, wx, z, zt, zx)|. [ Cd1,
which will be used later.
The proof of Theorem 2.6 follows from a series of lemmas.
Lemma 2.7. Let the assumption in Theorem 2.6 hold. Then there exists a
unique global smooth solution (v(x, t), u(x, t)) for the Cauchy problem
(1.6), (1.7).
The proof can be found in [17] and the detail is omitted.
Corollary 2.8. Under the assumption of Theorem 2.6, Cauchy problem
(2.7), (2.8) admits a unique global smooth solution (w(x, t), z(x, t)) defined
by (2.6).
Lemma 2.9. Let the assumptions in Theorem 2.6 hold. Then the solution
(w(x, t), z(x, t)) of (2.7), (2.8) obtained in Corollary 2.8 satisfies
||w(t)||21+||zx(t)||
2+F t
0
(||wx(y)||2+||zx(y)||2) dy
+F t
0
F fx(x, y) w2(x, y) dx dy
[ C(`d+d0), (2.12)
provided d and d1 are sufficiently small.
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Proof. Differentiating the second equation of (2.7) with respect to x
and using the first equation of (2.7), we get
wtt+wt+(p(w+f+vˆ)−p(f))xx−(f(w+f+vˆ)−f(f))x
=−(fŒ2(f) fx+pŒ(f) fx)x. (2.13)
Multiplying (2.13) by wt and integrating it over R×(0, t) yields
1
2 F w2t dx+F
t
0
F w2t dx dy=12 F z20x dx+F
t
0
F (p(w+f+vˆ)−p(f))x wxt dx dy
+F t
0
F (f(w+f+vˆ)−f(f))x wt dx dy
−F t
0
F (fŒ2(f) fx+pŒ(f) fx)x wt dx dy
=12 F z20x dx+I1+I2+I3. (2.14)
By simple calculation, we have
I1 [ Cd0+12 F pŒ(w+f+vˆ) w2x dx
− 12 F
t
0
F pœ(w+f+vˆ)(wt+ft+vˆt) w2x dx dy
−F t
0
F pœ(w+f+vˆ)(fx+vˆx) wxwt dx dy
−F t
0
F pœ(w+f+vˆ)(fx+vˆx)2 wt dx dy
−F t
0
F pŒ(w+f+vˆ)(fxx+vˆxx) wt dx dy
+F t
0
F (pŒ(f) fx)x wt dx dy, (2.15)
and
I2=F
t
0
F fŒ(w+f+vˆ) wxwt dx dy+F
t
0
F fŒ(w+f+vˆ) vˆxwt dx dy
+F t
0
F (fŒ(w+f+vˆ)−fŒ(f)) fxwt dx dy. (2.16)
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Substituting (2.15) and (2.16) into (2.14), we have
1
2 F w2t dx− 12 F pŒ(w+f+vˆ) w2x dx+F
t
0
F w2t dx dy
[ Cd0− 12 F
t
0
F pœ(w+f+vˆ)(wt+ft+vˆt) w2x dx dy
−F t
0
F pœ(w+f+vˆ)(fx+vˆx) wxwt dx dy
−F t
0
F pœ(w+f+vˆ)(fx+vˆx)2 wt dx dy
−F t
0
F pŒ(w+f+vˆ)(fxx+vˆxx) wt dx dy
+F t
0
F fŒ(w+f+vˆ) vˆxwt dx dy+F
t
0
F fŒ(w+f+vˆ) wxwt dx dy
+F t
0
F (fŒ(w+f+vˆ)−fŒ(f)) fxwt dx dy
−F t
0
F (fŒ2(f) fx)x wt dx dy. (2.17)
Multiplying (2.13) by 12 w and integrating over R×(0, t), we have
1
4 F w2 dx− 12 F
t
0
F pŒ(w+f+vˆ) w2x dx dy− 12 F
t
0
F w2t dx dy
[ Cd0− 12 F wwt dx+12 F
t
0
F pŒ(w+f+vˆ) vˆxwx dx dy
+12 F
t
0
F (pŒ(w+f+vˆ)−pŒ(f)) fxwx dx dy
+12 F
t
0
F (f(w+f+vˆ)−f(f))x w dx dy
− 12 F
t
0
F (fŒ2(f) fx+pŒ(f) fx)x w dx dy. (2.18)
Combining (2.17) with (2.18) and using the Cauchy–Schwartz inequality,
we have
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1
16 F w2 dx− 12 F pŒ(w+f+vˆ) w2x dx+16 F w2t dx
+12 F
t
0
F (−pŒ(w+f+vˆ)−fŒ2(w+f+vˆ)) w2x dx dy
[ Cd0+C(d+d1) F
t
0
F w2x dx dy+C F
t
0
F (f2x+|fxx |) |w| dx dy
+C F t
0
F (f2x+|fxx |+|vˆx |+|vˆxx |)(|wx |+|wt |) dx dy
+F t
0
F (fŒ(w+f+vˆ)−fŒ(f)) fxwt dx dy
+12 F
t
0
F (pŒ(w+f+vˆ)−pŒ(f)) fxwx dx dy
+12 F
t
0
F (f(w+f+vˆ)−f(f))x w dx dy
=Cd0+C(d+d1) F
t
0
F w2x dx dy+C
8
j=4
Ij. (2.19)
Using Corollary 2.4, the Gagliardo–Nirenberg inequality, we have
I4 [ C F
t
0
sup
R
|w(x, y)| F (|fx |2+|fxx |) dx dy
[ C F t
0
||wx(y)||
1
4 ||w(y)||
1
4 F (|fx |2+|fxx |) dx dy
[ a F t
0
||wx(y)||2 dy+Ca F
t
0
||w(y)||
2
3 1F (|fx |2+|fxx |) dx2 43 dy
[ a F t
0
||wx(y)||2 dy+Cad
2
3
1, (2.20)
where a is a sufficiently small positive constant.
Applying Corollary 2.4, Proposition 2.5, and the Cauchy–Schwartz
inequality, we have
I5 [ C(|fx |.+|fxx |
1
2.+|vˆx |.+|vˆxx |.) F
t
0
F (w2x+w2t ) dx dy
+C F t
0
F (|fx |3+|fxx | 32+|vˆx |+|vˆxx |) dx dy
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[ Cd F t
0
F (w2x+w2t ) dx dy+C`d. (2.21)
By using Taylor’s formula and the Cauchy–Schwartz inequality, we have
I6=F
t
0
F fœ(h1) fxwwt dx dy+F
t
0
F fœ(h1) vˆwt dx dy
[ Cd F t
0
F (fxw2+w2t ) dx dy+Cd, (2.22)
where h1 is between f and w+f+vˆ.
Similarly, we have
I7 [ Cd F
t
0
F (fxw2+w2x) dx dy+Cd. (2.23)
In addition, there exists a function h2, which lies between f and w+f+vˆ,
such that
I8=−
1
2 F
t
0
F fŒ(f) wwx dx dy− 12 F
t
0
F fŒ(f) vˆwx dx dy
− 14 F
t
0
F fœ(f)(w+vˆ)2 wx dx dy− 112 F
t
0
F fŒŒŒ(h2)(w+vˆ)3 wx dx dy
[ 14 F
t
0
F fœ(f) fxw2 dx dy+ 112 F
t
0
F fŒŒŒ(f) fxw3 dx dy
+C F t
0
F |w3wx | dx dy+Cd
[ 14 F
t
0
F fœ(f) fxw2 dx dy+Cd1 F
t
0
F fxw2 dx dy
+C F t
0
|w( · , y)|2. 1F w2 dx2 12 1F w2x dx2 12 dy+Cd. (2.24)
Applying Sobolev’s inequality, we have
|w( · , y)|2. [ C 1F w2 dx2 12 1F w2x dx2 12,
which implies from (2.11)
I8 [ Cd+14 F
t
0
F fœ(f) fxw2 dx dy+Cd1 F
t
0
F (fxw2+w2x) dx dy. (2.25)
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From (2.19)–(2.23), (2.25), we get
1
16 F w2 dx− 12 F pŒ(w+f+vˆ) w2x dx+16 F w2t dx
+14 F
t
0
F (−fœ(f)−C`d−Cd1) fxw2 dx dy
+12 F
t
0
F (−pŒ(w+f+vˆ)−fŒ2(w+f+vˆ)−C`d−Cd1) w2x dx dy
[ C(`d+d0)+Cd F
t
0
F w2t dx dy. (2.26)
If d and d1 are small, then, under the condition (SC) and fœ < 0, we have
F (w2+w2x+w2t ) dx+F
t
0
F (fxw2+w2x) dx dy
[ C(`d+d0)+Cd F
t
0
F w2t dx dy. (2.27)
From (2.17), (2.27), we can obtain
F (w2+w2x+w2t ) dx+F
t
0
F (fxw2+w2x+w2t ) dx dy [ C(`d+d0), (2.28)
provided d and d1 are sufficiently small. This proves Lemma 2.9.
Lemma 2.10. If the assumption of Theorem 2.6 hold and d and d1 are
small, then the solution (w(x, t), z(x, t)) of (2.7), (2.8) obtained in Corollary
2.8 satisfies
||wxx(t)||2+||zxx(t)||2+F
t
0
(||wxx(y)||2+||zxx(y)||2) dy [ C(`d+d0). (2.29)
Proof. Differentiating the second equation of (2.7) twice with respect to
x and multiplying it by zxx=wxt yields
1
2 F z2xx dx+F
t
0
F z2xx dx dy= F
t
0
F (p(w+f+vˆ)−p(f))xx wxxt dx dy
+F t
0
F (f(w+f+vˆ)−f(f))xx zxx dx dy
+F t
0
F (fŒ2(f) fx+pŒ(f) fx)xxx zx dx dy
=I9+I10+I11. (2.30)
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Now we estimate I9, I10, and I11 as follows:
I9=F
t
0
F pŒ(w+f+vˆ) wxxwxxt dx dy
−F t
0
F (pŒ(w+f+vˆ)(fxx+vˆxx))x zxx dx dy
−F t
0
F (pœ(w+f+vˆ)(wx+fx+vˆx)2)x zxx dx dy+F
t
0
F p(f)xxx wxt dx dy
[ C(`d+d0)+12 F pŒ(w+f+vˆ) w2xx dx+C(d+d1) F
t
0
F (w2xx+z2xx) dx dy.
(2.31)
Similarly, we have
I10 [ C(`d+d0)+12 F
t
0
F fŒ2(w+f+vˆ) w2xx dx dy
+12 F
t
0
F z2xx dx dy+C(d+d1) F
t
0
F z2xx dx dy (2.32)
and
I11 [ C(`d+d0). (2.33)
From (2.30)–(2.33), and Lemma 2.9, we have
F (z2xx−pŒ(w+f+vˆ) w2xx) dx+F
t
0
F (z2xx−fŒ2(w+f+vˆ) w2xx) dx dy
[ C(`d+d0)+C(d+d1) F
t
0
F (w2xx+z2xx) dx dy. (2.34)
Multiplying (2.13) by −wxx and integrating it over R×(0, t), we get
−F t
0
F p(w+f+vˆ)xx wxx dx dy
=F t
0
F wxxwtt dx dy+F
t
0
F p(f)xxx wx dx dy
−F t
0
F f(w+f+vˆ)x wxx dx dy−F
t
0
F f(f)xx wx dx dy
−F t
0
F wxwxt dx dy−F
t
0
F (fŒ2(f) fx+pŒ(f) fx)xx wx dx dy. (2.35)
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Noticing
−F t
0
F p(w+f+vˆ)xx wxx dx dy \ −F
t
0
F pŒ(w+f+vˆ) w2xx dx dy
−C(d+d1) F
t
0
F w2xx dx dy−C(`d+d0),
(2.36)
and
F t
0
F wxxwtt dx dy [ 12 F z2xx+F
t
0
F z2xx dx dy+C(`d+d0), (2.37)
we have from (2.35) and Lemma 2.9
−F t
0
F p(w+f+vˆ) w2xx dx dy− 12 F z2xx dx−F
t
0
F z2xx dx dy
[ C(d+d1) F
t
0
F w2xx dx dy+C(`d+d0). (2.38)
Equation (2.34)+(2.38) gives
1
2 F z2xx dx−F pŒ(w+f+vˆ) w2xx dx
+F t
0
F (−pŒ(w+f+vˆ)−fŒ2(w+f+vˆ)−C(d+d1)) w2xx dx dy
[ C(`d+d0)+C(d+d1) F
t
0
F z2xx dx dy. (2.39)
Under the condition (SC), if d and d1 are small, then we have
F (w2xx+z2xx) dx+F
t
0
F w2xx dx dy [ C(`d+d0)+C(d+d1) F
t
0
F z2xx dx dy.
(2.40)
From (2.34) and (2.40), we have
F (w2xx+z2xx) dx+F
t
0
F (w2xx+z2xx) dx dy [ C(`d+d0),
provided d and d1 are sufficiently small. This proves Lemma 2.10.
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Lemma 2.11. Under the assumption of Theorem 2.6, if d and d1 are
small, then the solution (w(x, t), z(x, t)) of (2.7), (2.8) obtained in Corollary
2.8 satisfies
||zt(t)||2+F
t
0
||zt(y)||2 dy [ C(`d+d0). (2.41)
Proof. Differentiating the second equation in (2.7) with respect to t,
we get
ztt+zt=−(p(w+f+vˆ)−p(f))xt+(f(w+f+vˆ)−f(f))t
−(fŒ2(f) fx+pŒ(f) fx)t. (2.42)
Multiplying (2.42) by zt and integrating over R×(0, t), we have
1
2 F z2t dx+F
t
0
F z2t dx dy [ Cd0−F
t
0
F (p(w+f+vˆ)−p(f))xt zt dx dy
+F t
0
F (f(w+f+vˆ)−f(f))t zt dx dy
−F t
0
F (fŒ2(f) fx+pŒ(f) fx)t zt dx dy
=Cd0+I12+I13+I14. (2.43)
From Lemma 2.9, Lemma 2.10, and Corollary 2.4, we have
I12 [ C F
t
0
F (|wx |+|zxx |+f2x+|fxx |+|vˆx |) |zt | dx dy
[ 14 F
t
0
F z2t+C F
t
0
F (w2x+z2xx+f4x+f2xx+vˆ2x) dx dy, (2.44)
and
I13=F
t
0
F fŒ(w+f+vˆ) wtzt dx dy+F
t
0
F fŒ(w+f+vˆ) vˆtzt dx dy
+F t
0
F fœ(h3) ft(w+vˆ) zt dx dy
[ 14 F
t
0
F z2t dx dy+C F
t
0
F (w2t+fxw2+vˆ2+vˆ2t ) dx dy, (2.45)
where h3 is between f and w+f+vˆ.
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Similarly, we have
I14 [ 14 F
t
0
F z2t+C F
t
0
F (f4x+f2xx) dx dy. (2.46)
It follows from (2.43)–(2.46)
1
2 F z2t dx+14 F
t
0
F z2t dx dy [ C(`d+d0),
which proves Lemma 2.11.
Lemma 2.12. Under the assumption of Theorem 2.6, the solution (w(x, t),
z(x, t)) of (2.7), (2.8) obtained in Corollary 2.8 satisfies
||z(t)||2 [ C(`d+d0), (2.47)
provided d and d1 are small.
Proof. Rewriting the second equation in (2.7), we have
z=−zt−(p(w+f+vˆ)−p(f))x+f(w+f+vˆ)−f(f)−(fŒ2(f)+pŒ(f)) fx.
(2.48)
Multiplying (2.48) by z and integrating over R, we have
F z2 dx=−F zzt dx+F (p(w+f+vˆ)−p(f)) zx dx
+F (f(w+f+vˆ)−f(f)) z dx−F (fŒ2(f)+pŒ(f)) fxz dx. (2.49)
Using the Cauchy–Schwartz inequality and Lemmas 2.9–2.11, we have
1
4 F z2 dx [ C(`d+d0),
which proves Lemma 2.12.
Lemmas 2.9–2.12 show that (2.9) holds provided d and d1 are sufficiently
small.
Finally, we have to show that the a priori estimate (2.11) holds. Since,
under (2.11), we have proved that (2.9) holds provided d and d1 are
sufficiently small, (2.11) is therefore always true provided d and d0 are
sufficiently small.
Now we turn to prove (2.10). To do this, we need the following lemma.
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Lemma 2.13. If there exists a constant C > 0, independent of t, such that
F u2(x, t) dx [ C, F u2x(x, t) dx [ C,
F t
0
F u2x(x, y) dx dy [ C,
(2.50)
then we have
F t
0
F u6(x, y) dx dy [ C. (2.51)
Furthermore, assume that
F u2t (x, t) dx [ C. (2.52)
Then
sup
x ¥ R
|u(x, t)|Q 0, as tQ.. (2.53)
Proof. The proof of the inequality (2.51) can be found in [9].
From (2.50) and Sobolev inequality, we have
u2(x, t)=2 Fx
−.
uux dx [ 2 1F u2 dx2 12 1F u2x dx2 12 [ C,
which implies
F u2p dx [ C, for p \ 1. (2.54)
Now we prove
F u6(x, t) dxQ 0, as tQ.. (2.55)
Let
A(t)=F u6(x, t) dx. (2.56)
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Then from the Cauchy–Schwartz inequality and (2.52), (2.54), we have
|A(t)−A(s)| [ :F t
s
|AŒ(y)| dy :
[ :F t
s
1F u10 dx2 12 1F u2t dx2 12 dy :
[ C |t−s|. (2.57)
Equations (2.51), (2.56), and (2.57) imply (2.55).
By applying Sobolev’s inequality again, we have
u4(x, t) [ 4 1F u6 dx2 12 1F u2x dx2 12Q 0, as tQ..
This proves (2.53) and the proof of Lemma 2.13 is completed.
Equations (2.10) is a direct corollary of (2.9) and Lemma 2.13. This
proves Theorem 2.6.
3. STABILITY OF TRAVELING WAVES
3.1. Preliminaries and the Theorem
We first study the existence of the traveling wave solution with shock
profile for the following system with relaxation
v¯t−u¯x=0,
u¯t+p(v¯)x=f(v¯)− u¯,
(3.1)
with initial data
(v¯, u¯)(x, 0)=(v¯0(x), u¯0(x))Q (v± , f(v± )), as xQ ±.. (3.2)
When the solution of (3.1) is close to equilibrium, one often ignores
the second equation in (3.1) and replaces the conservation law by the
equilibrium equation:
v¯t−f(v¯)x=0. (3.3)
Let (v¯, u¯)(t) with t=x−st be a traveling wave for (3.1), (3.2). Then we
get the ordinary differential equation
−sv¯t−u¯t=0,
−su¯t+p(v¯)t=f(v¯)− u¯,
(3.4)
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with the end states
v¯(±.)=v± , u¯(±.)=f(v± ). (3.5)
Equations (3.4) shows that
(−pŒ(v¯)−s2) v¯t=u¯−f(v¯). (3.6)
Integrating the first equation in (3.4) over (±., t) and noticing (v¯(±.),
u¯(±.))= (v± , f(v± )), we have
−sv¯− u¯=−sv± −f(v± ). (3.7)
Equations (3.6) and (3.7) give
(−pŒ(v¯)−s2) v¯t=h(v¯), (3.8)
where
h(v¯)=−sv¯−f(v¯)+sv±+f(v± ) (3.9)
with h(v± )=0.
If there is a solution (v¯, u¯)(t) of (3.4), (3.5), then we have from the
Rankine–Hugoniot condition
−s(v+−v−)=f(v+)−f(v−). (3.10)
If we furthermore assume that the traveling wave speed s is subcharac-
teristic for t ¥ R
−`−pŒ(v¯(t)) [ s [`−pŒ(v¯(t)) , (3.11)
then the Oleinik shock condition holds for (3.3)
h(v¯) 3 < 0, for v¯ ¥ (v+, v−), if v+ < v− ,
> 0, for v¯ ¥ (v− , v+), if v− < v+.
(3.12)
Conversely, if the conditions (3.10), (3.11), and (3.12) hold, then there
exists a unique solution v¯(t) for (3.8) with the end states v¯(±.)=v±
(see [9]).
Let
u¯(t)=−sv¯(t)+sv±+f(v± ). (3.13)
Then (v¯, u¯)(t) is a solution of (3.4), (3.5).
Hereafter, we restrict our problem to the case when v+ < v− . Then we
have
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Lemma 3.1. Assume that the traveling wave speed s is subcharacteristic
for t ¥ R; i.e., (3.11) holds. Then there exists a unique solution (v¯, u¯)(t) with
v¯t < 0 of (3.4), (3.5) if and only if (3.10) and (3.12) hold.
Corollary 3.2. Let the following strong subcharacteristic condition
hold:
(SSC) maxv > 0 |fŒ(v)| <minv > 0 `−pŒ(v) .
Then there exists a unique solution (v¯, u¯)(t) with v¯t < 0 of (3.4), (3.5) if
and only if (3.10) and (3.12) hold.
It is easy to see that the traveling wave to (3.4), (3.5) is in the equilibrium
state at infinity. Thus to use such a traveling wave to approximate the
solution to the Cauchy problem (1.6), (1.7) with its initial data away from
the equilibrium states at infinity, we need to introduce an auxiliary function.
As in [4, 15], the second equation in (1.6) with e=1 and (1.7) imply that
we suppose
u(x, t)Q a± e−t+f(v± ), as xQ ±., (3.14)
where
a±=u± −f(v± ). (3.15)
The integration of (v− v¯)t−(u− u¯)x=0 over R yields
d
dt
F (v− v¯) dx=(u−u¯)|.−.=(a+−a−) e−t=
d
dt
(−(a+−a−) e−t · 1),
which implies
d
dt
F (v(x, t)− v¯(x+x0, t)− vˆ(x, t)) dx=0, (3.16)
where vˆ(x, t) is defined by (2.5).
Let
I(x0)=F (v0(x)− v¯(x+x0, 0)− vˆ(x, 0)) dx=0.
Then
I(0)=F (v0(x)− v¯(x, 0)) dx+a+−a− ,
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and
IŒ(x0)=−F v¯ Œ(x+x0, 0) dx=−(v+−v−).
Integrating the above equality, we have
I(x0)−I(0)=−(v+−v−) x0,
which implies
x0=
I(0)
v+−v−
. (3.17)
Let
V(x, t)=Fx
−.
(v(y, t)− v¯(y+x0, t)− vˆ(y, t)) dy,
V0(x)=F
x
−.
(v0(y)− v¯(y+x0)− vˆ(y, 0)) dy,
(3.18)
and
U(x, t)=u(x, t)− u¯(x+x0, t)− uˆ(x, t),
U0(x)=u0(x)− u¯(x+x0)− uˆ(x, 0),
(3.19)
where the functions vˆ(x, t), uˆ(x, t) are defined by (2.5).
Then it is easy to verify that V, U satisfy
Vt−U=0,
Ut+(p(Vx+v¯+vˆ)−p(v¯))x+U−(f(Vx+v¯+vˆ)−f(v¯))=−(sv¯t+u¯t),
(V, U)(x, 0)=(V0(x), U0(x))Q 0, as xQ ±..
(3.20)
By using the first equation in (3.4) and linearizing (3.20), we get
Vt−U=0,
Ut+(pŒ(v¯) Vx)x+U−fŒ(v¯) Vx=F1+F2,
(V, U)(x, 0)=(V0(x), U0(x))Q 0, as xQ ±.,
(3.21)
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where
F1=−(p(Vx+v¯+vˆ)−p(v¯)−pŒ(v¯) Vx)x,
F2=f(Vx+v¯+vˆ)−f(v¯)−fŒ(v¯) Vx.
(3.22)
Now we state the following theorem on the stability of traveling waves.
Theorem 3.3 (Stability of traveling waves). Let (3.10), (3.11), and
(3.12) hold. Furthermore, assume that fœ(v) [ 0 satisfies the subcharacteristic
condition (SC) and v+ < v− . If V0(x) ¥H3, U0(x) ¥H2 and both d=|v+−v− |+
|a+−a− | and d0=||V0 ||
2
3+||U0 ||
2
2 are sufficiently small, then there exists a
unique global solution (V(x, t), U(x, t)) of (3.21) satisfying
||V(t)||23+||U(t)||
2
2+F
t
0
(||Vx(y)||
2
2+||Ux(y)||
2
1) dy+F
t
0
F fœ(v¯) v¯xV2 dx dy
[ C(d+d0), (3.23)
and
sup
x ¥ R
1 C2
k=0
|“kxV(x, t)|+C
1
k=0
|“kxU(x, t)|2Q 0, as tQ.. (3.24)
That is, there exists a unique global solution (v(x, t), u(x, t)) of (1.6), (1.7)
with e=1 which satisfies
(v− v¯− vˆ, u− u¯− uˆ) ¥ C0([0,.); H2) 5 L2(0,.); H2),
and
sup
x ¥ R
(|(v, u)(x, t)−(v¯, u¯)(x+x0−st)|
+|(vx, ux)(x, t)−(v¯x, u¯x)(x+x0−st)|)Q 0,
as tQ..
The proof of Theorem 3.3 is based on the local existence and a priori
estimate.
3.2. Energy Estimates
This section is a key step to completing the proof of stability Theorem
3.3. We establish the basic L2-estimates by the elementary energy method.
Define
N(T)= sup
0 < t < T
{||V(t)||23+||U(t)||
2
2} [ d21. (3.25)
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By Sobolev inequality and Eqs. (3.20), we have
|(V, Vt, Vx, Vtx, Vxx, U, Ut, Ux)|. [ Cd1,
which will be used later.
Lemma 3.4. Under the assumption of Theorem 3.3, if d and d1 are small,
then the solution (V, U)(x, t) of (3.21) satisfies
||V(t)||21+||U(t)||
2+F t
0
(||Vx(y)||2+||U(y)||2) dy+F
t
0
F fœ(v¯) v¯xV2 dx dy
[ C(d+d0). (3.26)
Proof. From (3.21), we have
Vtt+(pŒ(v¯) Vx)x+Vt−fŒ(v¯) Vx=F1+F2. (3.27)
Multiplying (3.27) by 2Vt and integrating it over R×(0, t) yields
F V2t dx−F pŒ(v¯) V2x dx+2 F
t
0
F V2t dx dy
[ Cd0+2 F
t
0
F fŒ(v¯) VxVt dx dy
−F t
0
F pœ(v¯) v¯tV2x dx dy+2 F
t
0
F Vt(F1+F2) dx dy. (3.28)
Multiplying (3.27) by V and integrating it over R×(0, t) yields
1
2 F V2 dx−F
t
0
F pŒ(v¯) V2x dx dy+12 F
t
0
F fœ(v¯) v¯xV2 dx dy−F
t
0
F V2t dx dy
[ Cd0−F VVt dx+F
t
0
F V(F1+F2) dx dy. (3.29)
Thus, (3.28)+(3.29) gives
1
2 F V2 dx+F V2t dx−F pŒ(v¯) V2x dx−F
t
0
F pŒ(v¯) V2x dx dy
+F t
0
F V2t+12 F
t
0
F fœ(v¯) v¯xV2 dx dy
[ Cd0+2 F
t
0
F fŒ(v¯) VxVt dx dy−F VVt dx
−F t
0
F pœ(v¯) v¯tV2x dx dy+F
t
0
F (2Vt+V)(F1+F2) dx dy. (3.30)
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By the Cauchy–Schwartz inequality, we have
2 F t
0
F fŒ(v¯) VxVt dx dy [ F
t
0
F fŒ2(v¯) V2x dx dy+F
t
0
F V2t dx dy, (3.31)
and
−F VVt dx [ 34 F V2t dx+13 F V2 dx. (3.32)
Now we estimate
F t
0
F (2Vt+V)(F1+F2) dx dy=2 F
t
0
F VtF1 dx dy+2 F
t
0
F VtF2 dx dy
+F t
0
F VF1 dx dy+F
t
0
F VF2 dx dy
=J1+J2+J3+J4. (3.33)
It is easy to see
J1=2 F
t
0
F (p(Vx+v¯+vˆ)−p(v¯)−pŒ(v¯) Vx) Vxt dx dy
=2 F t
0
F pŒ(v¯) vˆVxt dx dy+F
t
0
F pœ(h4)(Vx+vˆ)2 Vxt dx dy
[ C(d+d0)+Cd1 F
t
0
F V2x, (3.34)
where h4 is between v¯ and Vx+v¯+vˆ.
Similarly, we have
J2 [ C(d+d0)+Cd1 F
t
0
F V2x,
J3 [ C(d+d0)+C(d+d1) F
t
0
F V2x,
J4 [ C(d+d0)+Cd1 F
t
0
F V2x.
(3.35)
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From (3.30)–(3.35), we have
1
6 F V2 dx+14 F V2t dx−F pŒ(v¯) V2x dx
+F t
0
F fœ(v¯) v¯xV2 dx dy+F
t
0
F (−pŒ(v¯)−fŒ2(v¯)−C(d+d1)) V2x dx dy
[ C(d+d0). (3.36)
(3.28), (3.34), (3.35), and (3.36) show that (3.26) holds provided d and d1
are small. The proof of Lemma 3.4 is completed.
Lemma 3.5. Let the assumptions in Theorem 3.3 hold. Then the solution
(V, U)(x, t) of (3.21) satisfies
||Ux(t)||2+||Vx(t)||
2
1+F
t
0
(||Ux(y)||2+||Vxx(y)||2) dy [ C(d+d0), (3.37)
provided d and d1 are small.
Proof. Differentiating the second equation in (3.21) with respect to x,
we get
Uxt+(pŒ(v¯) Vx)xx+Ux−(fŒ(v¯) Vx)x=“xF1+“xF2. (3.38)
Multiplying (3.38) by 2Ux=2Vxt and integrating it over R×(0, t), we get
F U2x dx+2 F
t
0
F V2xt dx dy−2 F
t
0
F (pŒ(v¯) Vx)x Vxxt
[ Cd0+2 F
t
0
F (fŒ(v¯) Vx)x Vxt dx dy
+2 F t
0
F Ux(“xF1+“xF2) dx dy. (3.39)
It is easy to see by the Cauchy–Schwartz inequality
−2 F t
0
F (pŒ(v¯) Vx)x Vxxt dx dy \ −C(d+d0)−F pŒ(v¯) V2xx dx
−Cd F t
0
F (V2xx+V2xt) dx dy, (3.40)
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and
2 F t
0
F (fŒ(v¯) Vx)x Vxt dx dy
[ C(d+d0)+F
t
0
F fŒ2(v¯) V2xx dx dy+F
t
0
F V2xt dx dy. (3.41)
In addition, we have
2 F t
0
F Ux(“xF1+“xF2) dx dy
=2 F t
0
F (p(Vx+v¯+vˆ)−p(v¯)−pŒ(v¯) Vx)x Vxxt dx dy
+2 F t
0
F (f(Vx+v¯+vˆ)−f(v¯)−fŒ(v¯) Vx)x Vxt dx dy
=J5+J6. (3.42)
Now we estimate J5, J6:
J5=2 F
t
0
F (pŒ(v¯) vˆ+12pœ(h5)(Vx+vˆ)2)x Vxxt dx dy
=2 F t
0
F (pŒ(v¯) vˆ)xxx Vt dx dy+F
t
0
F pŒŒŒ(h5) h5x(Vx+vˆ)2 Vxxt dx dy
+2 F t
0
F pœ(h5)(Vx+vˆ)(Vxx+vˆx) Vxxt dx dy
=2 F t
0
F (pŒ(v¯) vˆ)xxx Vt dx dy−F
t
0
F (pŒŒŒ(h5) h5x(Vx+vˆ)2)x Vxt dx dy
+2 F t
0
F pœ(h5)(Vx+vˆ) VxxVxxt dx dy
−2 F t
0
F (pœ(h5)(Vx+vˆ) vˆx)x Vxt dx dy
[ C(d+d0)+C(d+d1) F V2xx+C(d+d1) F
t
0
F (V2xx+V2xt) dx dy, (3.43)
where h5 is between v¯ and Vx+v¯+vˆ.
Similarly, we have
J6 [ C(d+d0)+Cd1 F
t
0
F V2xx dx dy. (3.44)
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Thus (3.39)–(3.44) yields
F U2x dx−F pŒ(v¯) V2xx dx dy+F
t
0
F V2xt dx dy
[ C(d+d0)+F
t
0
F fŒ2(v¯) V2xx dx dy+C(d+d1) F
t
0
F (V2xx+V2xt) dx dy.
(3.45)
Multiplying (3.27) by −Vxx, we have
−VxxVtt−(pŒ(v¯) Vx)x Vxx−VxxVt+fŒ(v¯) VxVxx=−Vxx(F1+F2). (3.46)
Integrating (3.46) over R×(0, t), we get
1
2 F V2x dx−F
t
0
F pŒ(v¯) V2xx dx dy−F
t
0
F fœ(v¯) v¯xV2x dx dy
[ Cd0−F
t
0
F VxVxtt dx dy
+F t
0
F pœ(v¯) v¯xVxVxx dx dy−F
t
0
F Vxx(F1+F2) dx dy.
(3.47)
Noticing
−F t
0
F VxVxtt dx dy [ Cd0+F VxVxt+F
t
0
F V2xt dx dy
[ C(d+d0)+12 F V2xt dx+F
t
0
F V2xt dx dy,
(3.48)
and
−F t
0
F Vxx(F1+F2) dx dy [ C(d+d0)+C(d+d1) F
t
0
F V2xx dx dy, (3.49)
then we have from (3.47) and Lemma 3.4
−F t
0
F pŒ(v¯) V2xx dx dy [ C(d+d0)+12 F U2x dx
+F t
0
F V2xt dx dy+C(d+d1) F
t
0
F V2xx dx dy. (3.50)
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Thus, (3.45) and (3.50) show that
1
2 F U2x dx−F pŒ(v¯) V2xx dx+F
t
0
F (−pŒ(v¯)−fŒ2(v¯)−C(d+d0)) V2xx dx dy
[ C(d+d0)+C(d+d1) F
t
0
F V2xt dx dy. (3.51)
Under the subcharacteristic condition (SC), if d and d1 are small, then we
have from (3.51)
F (U2x+V2xx) dx+F
t
0
F V2xx dx dy [ C(d+d0)+C(d+d1) F
t
0
F V2xt dx dy.
(3.52)
Equations (3.45) and (3.52) show that (3.37) holds and the proof of Lemma
3.5 is completed.
Lemma 3.6. Let the assumption of Theorem 3.3 hold. Then the solution
(V, U)(x, t) of (3.21) satisfies
||Uxx(t)||2+||Vxxx(t)||2+F
t
0
(||Uxx(y)||2+||Vxxx(y)||2) dy [ C(d+d0), (3.53)
provided d and d1 are small.
Proof. Differentiating the second equation in (3.21) twice with respect
to x, we get
Uxxt+(pŒ(v¯) Vx)xxx+Uxx−(fŒ(v¯) Vx)xx=“2xF1+“2xF2. (3.54)
Similar to the proof of Lemma 3.5, multiplying (3.54) by 2Uxx=2Vxxt and
integrating it over R×(0, t), we get
F U2xx dx−F pŒ(v¯) V2xxx dx+F
t
0
F V2xxt dx dy
[ C(d+d0)+F
t
0
F fŒ2(v¯) V2xxx dx dy
+C(d+d1) F
t
0
F (V2xxx+V2xxt) dx dy. (3.55)
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Similarly, multiplying (3.38) by −Vxxx and integrating it over R×(0, t), we
have
−F t
0
F pŒ(v¯) V2xxx dx dy
[ C(d+d0)+12 F U2xx dx
+F t
0
F V2xxt dx dy+C(d+d1) F
t
0
F V2xxx dx dy. (3.56)
From (3.55) and (3.56), we get (3.53) and the proof of Lemma 3.6 is
completed.
Lemmas 3.4–3.6 yield (3.23) provided d and d1 are sufficiently small.
By the argument in Section 2, we know that the a priori estimate (3.25)
holds provided d and d0 are sufficiently small. Therefore (3.23) holds
provided the assumption of Theorem 3.3 is satisfied.
From (3.23) and Lemma 2.13, we have (3.24). This proves Theorem 3.3.
Remark 3.7. In Theorem 3.3, we require that the function f(v) is
concave; i.e., fœ(v) [ 0. The restriction is not essential because we can
study the case when f(v) is non-concave by applying the weighted energy
method (see [8, 12, 14]).
APPENDIX
In this Appendix, we will give the proof of Lemma 2.1. In order
to complete the proof of Lemma 2.1, applying the results in [13], it is
sufficient to prove the following estimates:
||Wxxx(t)||
p
Lp [ Cp min(e3p−1w˜p, e2p−1t−p), (A.1)
and
||Wxxxx(t)||
p
Lp [ Cp min(e4p−1w˜p, e3p−1t−p). (A.2)
As in [13], by the study of the characteristic curves, the solution of (2.3) is
exactly expressed by the form
W(x, t)=W0(x0(x, t)), (A.3)
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where x0(x, t) is given by the relation
x=x0(x, t)+W0(x0(x, t)) t. (A.4)
Noticing
“x0(x, t)
“x =(1+W
−
0(x0) t)
−1, (A.5)
we have from (A.3) and (A.4)
Wx=
W −0(x0)
1+W −0(x0) t
, (A.6)
Wxx=
W'0 (x0)
(1+W −0(x0) t)
3 , (A.7)
Wxxx=
W −−−0 (x0)
(1+W −0(x0) t)
4−
3(W'0 (x0))
2 t
(1+W −0(x0) t)
5 , (A.8)
and
Wxxxx=
W(4)0 (x0)
(1+W −0(x0) t)
5−
10W'0 (x0) W
−−−
0 (x0) t
(1+W −0(x0) t)
6 +
15(W'0 (x0))
3 t2
(1+W −0(x0) t)
7 . (A.9)
From (2.3), by direct calculation, we have
|W −0(x0)| [
e
2
w˜, (A.10)
|W'0 (x0)| [ 2e |W −0(x0)|, (A.11)
|W −−−0 (x0)| [ 12e2 |W −0(x0)|, (A.12)
and
|W(4)0 (x0)| [ 72e3 |W −0(x0)|. (A.13)
In addition, when x0 \ 1e , we have
W −0(x0) \ Cew˜, (A.14)
and
|W'0 (x0)| \ Ce |W −0(x0)|. (A.15)
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Therefore, by transforming (A.4), we have
F |Wxxx(x, t)|p dx=F |Wxxx |p 1“x0“x 2−1 dx0
[ C F |W
−−−
0 (x0)|
p
(1+W −0(x0) t)
4p−1 dx0
+Ctp F |W
'
0 (x0)|
2p
(1+W −0(x0) t)
5p−1 dx0
=C F
|x0| [ 1e
|W −−−0 (x0)|
p
(1+W −0(x0) t)
4p−1 dx0
+C F
|x0| \ 1e
|W −−−0 (x0)|
p
(1+W −0(x0) t)
4p−1 dx0
+Ctp F
x0 \ 0
|W'0 (x0)|
2p
(1+W −0(x0) t)
5p−1 dx0
+Ctp F
x0 [ 0
|W'0 (x0)|
2p
(1+W −0(x0) t)
5p−1 dx0
=I1+I2+I3+I4. (A.16)
Now we estimate I1, I2, I3 as follows:
First, noticing
F (W −0(x0)) r dx0 [ 2 re r−1w˜ r, r \ 1, (A.17)
we have from (A.12) and (A.14)
I1 [ Ce3p−1w˜p(1+Cew˜t)1−4p [ Cpe2p−1t−p. (A.18)
Introducing a new variable y=W −0(x0) t, we have from (A.12) and (A.15)
I2 [ Cp F
W −0 (1) t
0
|W −−−0 (x0)|
p
(1+y)4p−1 |W'0 (x0)| t
dy
[ Cpe2p−1t−1 F
.
0
(W −0(x0))
p−1
(1+y)4p−1
dy
[ Cpe2p−1t−p F
.
0
yp−1
(1+y)4p−1
dy
[ Cpe2p−1t−p, (A.19)
304 CHANGJIANG ZHU
and
I3 [ Cptp−1 F
W−0 (0) t
0
|W'0 (x0)|
2p−1
(1+y)5p−1
dy
[ Cpe2p−1t−p F
.
0
y2p−1
(1+y)5p−1
dy
[ Cpe2p−1t−p. (A.20)
Similarly, we have
I4 [ Cpe2p−1t−p. (A.21)
Therefore, we have
F |Wxxx(x, t)|p dx [ Cpe2p−1t−p. (A.22)
On the other hand, we have from (A.17)
F |Wxxx(x, t)|p dx [ C F |W −−−0 (x0)|p dx0+C F
|W'0 (x0)|
2p
|W −0(x0)|
p dx0
[ Cpe2p F |W −0(x0)|p dx0
[ Cpe3p−1w˜p. (A.23)
(A.22) and (A.23) imply (A.1).
The proof of (A.2) is similar to that of (A.1) and the detail is omitted.
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